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Abst rac t - -D isc re te  model of plankton allelopathy is studied. The model allows for a fluctuating 
environment. Sufficient conditions, which guarantee the permanence of the model are obtained at 
first. Assuming that the coefficients in the model are periodic, the existence of periodic solutions are 
also obtained. At last, by linearization of the model at positive periodic solutions and construction 
of Lyapunov function, sufficient conditions are obtained to ensure the global stability of the positive 
periodic solution. © 2004 Elsevier Ltd. All rights reserved. 
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I. INTRODUCTION 
A traditional Lotka-Volterra two species competition model  can be written as 
dxl 
dt = x l  (t) [rl - anx l  (t) - a12x2 (t)], 
dx2 
d'--t- = x2 (t) jr2 - a2ixl (t) - a22x2 (t)], 
(1.1) 
where xl(t), x2( t )  are the population densities of two competing species; r l ,  r2 are the rates 
of cell proliferation per hour; an,  a22 are the rates of intraspecific ompetition of the first and 
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second species, respectively; a12, a21 are the rates of interspecific ompetition of the first and 
second species, respectively; r~/ai~, (i = 1, 2) are environmental carrying capacities. 
If we consider that each species produces a substance toxic to the other, but only when the 
other is present, then, system (1.1) can be written as 
dXl 
dt = xl  (t) [rl - a l lx l  (t) - a12x2 (t) - blxl (t) x2 (t)], 
dx2 
dt = x2 (t) [r 2 - a21xl (t) - a22x2 (t) - b2xl (t) x2 (t)], 
(1.2) 
where bl and b2 are, respectively, the rates of toxic inhibition of the first species by the second 
and vice versa. System (1.2) has been well studied in [1-4] and the references cited therein. 
Though much progress has been seen in the model of plankton allelopathy, such models are 
not well studied in the sense that most results are continuous time cases related. Many authors 
[5-8] have argued that the discrete time models governed by difference quations are more appro- 
priate than the continuous ones when the populations have nonoverlapping generations. Discrete 
time models can also provide efficient computational models of continuous models for numerical 
simulations. However, no such work has been done for the model of plankton allelopathy. 
The main aim of this paper is to investigate the following discrete model of plankton allelopathy, 
xl (k + 1) = xl (k) exp {rl (k) - an  (k) xl (k) - a12 (k) x2 (k) - bl (k) xl (k) x2 (k)}, 
x2 (k + 1) = x2 (k) exp {r2 (k) - a21 (k) Xl (k) - a22 (k) x2 (k) - b2 (k) xl (k) x2 (k)}, 
where x~(k), x2(k) are the population sizes of the two competitors at generation k. It is well 
known that, compared to the continuous time equations, the discrete systems are more difficult 
to deal with. Our description of the dynamics of the system (1.3) are permanence, the existence 
and the global stability of periodic positive solutions. 
We say that system (1.3) is permanent if there are positive constants M and m such that each 
positive solution {xl(k), x2(k)} of system (1.3) satisfies 
m <__ lira inf x~ (k) < lira sup x~ (k) < M, i = 1,2. 
k--+oo k--*c~ 
Throughout this paper, we will assume that ri(k), bi(k), a~j(k), ( i , j  = 1,2) are bounded 
nonnegative sequences, and use the following notations for any bounded sequence {u(k)}, 
u M = supu(k) ,  u L = inf u(k) .  
kEN kEN 
For biological reasons, we only consider solution {xl(k), x2(k)} with 
xl  (0) > o, (0) > o. 
The organization of this paper is the following. In the next section, we establish the permanence 
of system (1.3). In Section 3, we obtain sufficient conditions which ensure the existence and 
global stability of positive periodic solution of system (1.3). 
2. PERMANENCE 
In this section, we establish a permanence result for system (1.3). 
LEMMA 2.1. Every solution {xi(k), x2(k)} of (1.3) satisfies 
lim supxl  (k) < B1 and lim supx2 (k) < B2, (2.1) 
k-~c~ k--*e¢ 
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where 
and 
r M exp(r M- l )}  
B2 : max a&, ~#~ . 
PROOF. Since xl(0) > 0 and x2(0) > 0, then, xl(k) > 0 and x2(k) > 0 for k >_ 0. We only need 
to prove that 
lim sup xl (k) < B1, (2,.2) 
k--~oo 
since similar result can be shown for x2(k), and then, (2.1) follows obviously. 
To prove (2.2), we first assume that there exists an l0 E N such that xl(lo + 1) > x~(lo). Then, 
rl (lo) - an  (lo) xl (lo) - a12 (lo) x2 (lo) - bl (lo) xl (lo) x2 (lo) _> O. 
Hence, 
It follows that, 
x l  (Zo) _< ~1 (z0___i < ~± 
~11 (Zo) ~1 '  
Xl (lo + 1) = xl (lo) exp {rl  (lo) - an  (lo) Xl (lo) -- a12 (lO) X2 (lO) -- bl (to) x l  (Io) x2 (/0)} 
<Xl  (lo)exp{rM--aLxl (/o)} < exp ( rM-  1) 
_ _ aL l  ' 
where we used 
We claim that 
maxx exp (a - bx) = exp (a  - 1)  ~R b ' for a, b > 0. 
xl (k) <_ B1, for k ~ 10. 
By way of contradiction, assume that there exists a Po > lo such that xl(po) > B1. 
Po _> lo + 2. Let 15o >_ Io + 2 be the smallest integer such that xl (Po) > B1. Then, 
Then, 
• 1 (~o - 1) < x l  (Po).  
The above argument produces that xl (/~0) <_ B1, a contradiction. This proves the claim. Now, 
we assume that xl(k + 1) < xl(k), for all k E N. In particular, l imk-~ xl(k) exists, denoted by 
5i. We claim that 51 < rM/aL 1. By way of contradiction, assume that 51 > rM/a# 1. Taking 
limit in the first equation in system (1.3), gives 
l im (r~ (k) - ~ (k) x l  (k) - ~12 (k) z2 (k) - bl (k) x l  (k) ~ (k)) = 0, 
k--+oo 
which is a contradiction, since 
r~ (k) - a~l (k) x l  (k) - a12 (k) x2 (k) - b~ (k) x l  (k) x2 (k) 
< r~ (k) -a l l  (k) Xl (k) 
<_ r M - aLt51 < 0, for n E N. 
This proves the claim. Note that rM/aL1 < B~. It follows that (2.2) holds. This completes the 
proof. | 
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LEMMA 2.2. Assume that 
r L - bMB1B2 - aMB2 > 0 and 
where B1 and B2 are the same as Lemma 2.1. Then, 
r L - bMBIB2 - aMB2 > O, 
lira inf x~ (k) > D~ and lim inf x2 (k) > D2, 
k.--*oo k---,oo 
where 
rain [ ~ - bl"B1B~ - a~B~ D1 [ aM 
exp { r L - a M B1 - b M B1 B2 - aM S2 } rL -- bM B1 B2 - aM B2 } 
alM1 ' 
a~B2 r L -bMB1B2- -aMB2 




D2 = min { rL - bM B1B2 - 
~g 
PROOF. Again, we only need to prove that 
(2.3) 
x~ (k) < B~ + c, x~ (k) <_ B2 + 4, for k > k*. 
First, we assume that there exists an lo >_ k* such that xl(lo + 1) < xl(lo). Note that, for k > lo, 
X 1 (]¢ + 1) ----- Xl (/g) exp {r  I (k) - a l l  (k) x I (/~) - a12 (k) x2 (k) - bl (k) Xl (k) 9~ 2 (/g)} 
> xl (k) exp {rl (k) - an  (k) xl (k) - an  (k) B2 - bl (k) B2B1} 
_> xl (k)exp {r L -aMx l  (k ) -  aMB2-  bMB2B1 }. 
In particular, with k --- lo, we have 
rL1 - -aMxl  ( lo ) - -aMB2-bMB2B1 < O, 
Then, 
Xl (10 + 1) __ 
which implies that 
xl (4 )> rL - -aMB2-b lMB2B1 
- a M 
r L _ aMB2 -- bMB2B1 
aM 
x exp {rl L - a M (B1 + e) - a M (B2 + e) - bl M (B2 + e) (B1 + e) }.  
Let 
Xl• 
rL _ aM B2 -- bM B2B1 
× exp {~ - ~ (B~ + ~) - ~ (8~ + ~) - b~ (B~ + ~) (B~ + ~)}. 
According to Lemma 2.1, there exists a k* E N, such that 
lira inf x 1 (k) _> D1. (2.4) 
k--+oo 
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We claim that 
Xl (k) < Xle, for k _> 10. 
By way of contradiction, assume that there exists a P0 _> I0 such that xl(po) < Xl¢. Then, p0 _> 
10+2. Let/~0 _>/0+2 be the smallest integer such that xl (P0) < xl~. Then, Xl (/~0 - 1) > xt (/~0). 
The above argument produces that xl (P0) -> xlE, a contradiction. This proves the claim. Now, 
we assume that xl(k + 1) > xl(k), for all k c N. In particular, l imk~ x~(k) exists, denoted by 
x 1. We claim that 
aM _xi k 
By way of contradiction, assume that 
x 1 < 
rL--aMB2- bMB2B1 
Taking limit in the first equation in system (1.3), gives 
lira (rl (k) - an  (k) xl (k) - a12 (k) x2 (k) - bl (k) Xl (k) x2 (k)) = 0, 
k---*oo 
which is a contradiction since 
lira (rl (k) - al l  (k) xl (k) - a12 (k) x2 (k) - bl (k) x~ (k) x~ (k)) 
k--+oo 
>_ rL1 -- aM xl -- blM B1B2 - aM B2 > O. 
This proves the claim. It follows that (2.4) holds. This completes the proof, m 
Now, by Lemmas 2.1 and 2.2, we can easily obtain the following result. 
THEOREM 2. i. Assume that (2.3). Then system (1.3) is permanent. 
It should be noticed that, from the proofs of Lemmas 2.1 and 2.2, we know that under the 
condition of Theorem 2.1, the set [DI, BI] × [D2, B2] is an invariant set of system (1.3). 
3. EX ISTENCE AND GLOBAL 
STABIL ITY  OF  PERIODIC  SOLUTIONS 
In this section, we further assume that ri(k), bi(k), ai(k), (i --- 1, 2): Z --+ R + are w periodic, 
i.e., 
(k + w) = (k), (k + = 
(k + w) = (k), i, j = 1, 2, 
for any k E Z. Let Bi, Di, i = 1, 2 be the same as in Lemmas 2.1 and 2.2. Our first result 
concerns the existence of a periodic solution. 
THEOREM 3.1. I f  (2.3) holds, then, system (1.3) has an x-periodic solution which we denote .by 
PROOF. As noted at the end of the last section, [D1, B1] x [D2, B2] is an invariant set of sys- 
tem (1.3). Thus, we can define a mapping F on [D1, B1] × [D2, B2] by 
F (xl (0), x2 (0)) = (xl (~), x2 (w)) for (x~ (0), x2 (0)) e [91, B1] x [D2, B2]. 
Clearly, F depends continuously on (xl(0), x2(0)). Thus, F is continuous and maps the compact 
set [D,,B1] x [D2, B2] into itself. Therefore, F has a fixed point (~1,22). It is easy to see that 
the solution, (:~l(n),~2(n)) pass through (xl,x2) is an w-periodic solution of system (1.3). The 
proof is complete. | 
Next, we derive sufficient conditions which guarantee that the positive periodic solution of (1.3) 
is globally stable [9]. Our strategy in the proof of the global stability of the positive periodic 
solution of (1.3) is to construct a suitable Lyapunov function. 
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THEOREM 3.2. Assume that (2.3) holds, and further that 
(i) there exist positive constant ~ and positive constants n~, i = 1, 2 such that 
71'1 (all  (k) -~- b 1 (]~) Ds) - n~asl (k) - nsbs (k) B2 > ~, 
us (a22 (k) + b~ (k) O1) - nlal2 (k) - nlbl (k) B1 > ~, 
for MI large k; 
(ii) 
all (k) B1 + bl (k) B1Bs _ 1, a22 (k) B~ + b2 (k) B~B2 <_ 1, 
for all large k. 
Then, the positive periodic solution of (1.3) is globally stable. 
PROOF. Let {xl(k),x~(k)} be a positive periodic solution of (1.3). We prove below that it is 
uniformly asymptotically stable. To this end, we introduce the change of variables 
~l (k) = ~l (k) - ~i (k), ~ (k) = ~ (k) - ~ (~). 
System (1.3) is then transformed into 
ul (k + 1) = xl (k) exp {rl (k) - al l  (k) Xl (k) - als (k) x s (k) - bl (/~) Xl (k) x2 (k)} 
- x~ (k) exp {rl (k) - al l  (k) xl  (k) - a12 (k) x~ (k) - b 1 (k) x~ (k) x~ (k)}, 
u2 (k + 1) = x2 (k) exp {rs (k) - a21 (k) xi  (k) - -  a22(k)xs (k) - bs (k) xl (k) x2 (k)} 
- ~; (k) exp {rs (k) - as~ (k) ~i (k) - a=s (k) ~ (k) - b= (k) ~i (k) ~ (~)}, 
which can be rewritten as 
Ul (k -t- 1) = exp {rl (k) - al l  (k) x~ (k) -- al2 (k) x~ (k) - bl (k) x~ (k) x~ (k)} 
x ((1 - a l l  (k) ~i (k) -- bl (k) ~ (k) ~ (k)) ~ (k) 
- (al~ (k)~ (k) + bl (k)(~ (k)?) ~ (k) + Sl (k, ~ (k))), 
u2(k -t- 1) -- exp {r2 (k) - a21 (k) x~ (k) - a22 (k) x~ (k) - b2 (k) x~ (k) x~ (k)} 
× ((1 - a~2 (k) ~ (k) - bs (k) ~T (k) ~ (k)) ~ (k) 
- (asl (k)x~ (k) + b~ (k)(~ (k)) s) ~l (k) + f~ (k, ~ (k))), 
(3.1) 
where Ilf,(k, u)ll/llull converges uniformly with respect o k e N, to zero as IIull--* 0. In view of 
system (1.3), it follows from (3.1) that 
ul (k) 
f l (k ,  ~ (k)) 
, ( us (k) 
- (a:l (k) + b~ (k) ~i (k)) ~ (k) + f~ (k, ~ (_k)) 
x~ (k) ) 
(3.2) 
Let us define the function V by 
~1 (k) ~2 (k) I V (~ (k)) = nl  x; (k) + n2 x;  (k) ' 
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where nj  are positive constants given in (i). Calculating the difference of V along the solution of 
system (3.2) and use (ii), we obtain 
AV < - (nl (am (k) + bl (k) D2) - n2a21 (k) - n2b~. (k) B2) x~ (k) ul (k) - x~ (k) 
- (n2 (a22 (k) + b2 (k) D1) - nla12 (k) - nlb 1 (]~) B1) 
x x 2. (k) x~U2(k)] x~ (k) +n21fl(k'u(k))lx~ (k) ' for large k. 
Since [f i(k,u)i/ l Iul] converges uniformly to zero as II~ll -~ 0, it follows from Condit ion (i) and 
Theorem 2.1 that  there is a positive constant 3' such that  if k is sufficiently large and Ilu(k)ll < 7, 
. I1~ (k)ll AV ___ 
2 
By [51, we see that the trivial solution of equation (3.2) is uniformly asymptotically stable, and 
so is the solution {xl(k), x~(k)} of equation (1.3). Note that the positive solution {xl(k), x2(k)} 
is chosen in an arbitrary way. Proceeding exactly as in [9], we conclude that the positive periodic 
solution {x~(k), x~(k)} of (1.3) is globally stable. The proof is complete. | 
REMARK 1. There are still many interesting and challenging mathematical questions that need 
to be studied for system (1.3). For example, we do not discuss the bifurcations that occur when 
conditions of stability are violated. We will leave this for future work. 
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